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This paper presents a two-scale thermo-mechanical analysis framework for heterogeneous solids based
on a computational homogenization technique. The evolution of the mechanical and thermal fields at the
macroscopic level is resolved through the incorporation of the microstructural response. Within the pro-
posed multi-scale approach, the temperature dependent non-linear thermo-mechanical response is
accounted by solving a boundary value problem at the micro-scale, the results of which are properly
averaged and transferred to the macro level in a consistent way. The framework does not require explic-
itly determined homogenized material properties (e.g. macroscopic thermal expansion coefficients) since
no constitutive equations are required for the macroscopic stresses and heat fluxes at the macro level. A
nested finite element solution procedure with an operator-split implementation is outlined and the effec-
tiveness of the approach is demonstrated by illustrative key examples.
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1. Introduction

In a wide spectrum of engineering structures and assemblies,
premature failure of components is frequently due to severe ther-
mal loading conditions in the form of rapid temperature changes
(thermal shocks) and temperature cycles. Variations of the operat-
ing temperature of a material is mostly accompanied by physical
and geometrical changes at some scale. In heterogeneous systems,
local thermal expansion mismatches and thermal anisotropy of dif-
ferent constituents naturally triggers the appearance of internal
stresses. Under highly transient external thermal loading condi-
tions, the resulting heterogeneous temperature distribution may
lead to a complicated mechanical response and a non-uniform
mechanical and physical property degradation accompanied by
irreversible geometrical changes. The altered distribution of
mechanical properties dictates the macroscopic response as the
external mechanical loading is further varied as well. Therefore, a
strong coupling between the evolving microstructure and the mac-
roscopic response arises. Moreover, microstructural configura-
tional changes may trigger a significant interaction between the
mechanical and thermal fields, for instance, in the form of a re-
duced heat transfer across a damaged interface. Due to the afore-
mentioned complications, the thermo-mechanical analysis of
heterogeneous material systems constitutes a challenging task.
ll rights reserved.

: +31 40 244 7355.
).
Numerous homogenization techniques have been developed to
predict the effective mechanical and thermophysical properties of
materials with complex microstructures. Early research work [1,2]
resulted in bounds for the effective material properties which are
particularly suitable for relatively simple geometries and a re-
stricted class of constitutive models for the phases. More general
asymptotic homogenization approaches were exploited for the
determination of the mechanical and thermal constitutive tensors
of composites with a periodic microstructure. Starting with the
work of Guedes and Kikuchi [3], the use of computational
techniques within the homogenization theory has received consid-
erable attention including applications to other field problems
[4–7]. Recently the focus has shifted to extend the theory and
solution algorithms to the non-linear and inelastic range [8–10].
A sub-class of computational homogenization techniques which
addresses both the influence of the microstructure and the cou-
pling with the resulting macroscopic response is presented in
[11–15]. In this multi-scale approach, the macroscopic material re-
sponse is obtained from the underlying microstructure by solving a
boundary value problem defined on a representative volume ele-
ment (RVE) of the material. The detailed treatment with underly-
ing principles is described in [16]. At present, this method has
been applied successfully for (I) stress and structural damage anal-
ysis [13,15,17], (II) the mechanical analysis of structured thin
sheets (shells) [18], (III) failure analysis of cohesive interfaces
[19] and (IV) heat conduction analysis in heterogenous solids
[20]. In the present paper, the multi-scale framework is extended
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to the fully coupled thermo-mechanical analysis of heterogeneous
material systems including an appropriate solution algorithm.

The interaction of the thermal and mechanical fields within a
multi-scale modeling framework requires comprehensive treat-
ment and depends on the characteristic micro-failure mechanisms.
For typical high temperature resistant materials (e.g. refractory
ceramics), micro-failure mechanisms such as debonding of the
grain–grain interfaces, evolve at an apparent microstructural level,
which motivates a two-level treatment as adopted in the following
sections. Furthermore, damage and failure at the micro level takes
place without significant inelasticity (e.g. plasticity), which implies
that the effect of mechanical energy dissipation on the thermal
field is negligible and therefore not taken into account in the anal-
ysis. Similarly, the reduction of the heat flow as a result of mechan-
ical damage is not explicitly considered although the constructed
framework can easily accommodate such coupling effects. Before
proceeding further, the essential points on which the proposed
framework differs from the existing approaches can be summa-
rized as:

� The proposed approach does not require macroscopic material
properties such as the homogenized coefficient of thermal
expansion as opposed to other alternative homogenization
schemes.

� The framework has the flexibility to include a non-linear and
temperature dependent thermo-mechanical material response
at the microstructural level, which is transmitted to the macro
level in a consistent way. Furthermore, for different combina-
tions and types of constitutive equations at the micro level, re-
derivation of certain effective quantities (expressions) is not
necessary.

� The presented solution algorithm resolves the interaction of the
fields in a proper way and can accommodate thermo-mechani-
cally induced coupling mechanisms accompanying microstruc-
tural evolution.

The presentation of the paper is organized as follows. After
the introduction of the assumptions in the next section, the ther-
mo-mechanical analysis problems at micro and macro levels are
formulated in Section 3. Then, the scale transition structure is sum-
marized in Section 4. Thereupon, a two-scale solution strategy is
presented which leads to an operator-split nested finite element
solution algorithm further detailed in Section 5. Illustrative
examples are presented in Section 6, followed by the discussion
and conclusion section.
2. Preliminaries

In this paper, a first order theory is adopted for both the
mechanical and thermal homogenization procedure which hinges
on the principle of scale separation [13,15,20]. A first order theory
for mechanical homogenization implies that the macroscopic
deformation gradient varies mildly and therefore deformation
localization (softening) is excluded from the considerations. How-
ever, for typical high temperature resistant structures, the onset of
softening is practically the end of service life (failure) since after
the onset the bearing capacity is very limited. Theoretically, the
principle of scale separation assumes an infinitesimally small
underlying fine scale structure (infinitesimal neighbourhood of a
material point) though finite sized RVE’s are used in real predictive
computations. As a matter of fact, a steady-state temperature pro-
file is assumed at the micro level in virtue of the negligibly small
size of the RVE. In fact, what is meant by ‘steady-state’ is ‘instanta-
neous temperature changes’ at the micro level which are dictated
through the boundary conditions as discussed in Section 4.1.
As will be clarified in Section 5, the RVE analysis is performed to
extract macroscopic stresses, heat fluxes and associated tangent
operators. Therefore, the RVE analysis can be partly considered as
a substitute for the so-called ‘algorithmic stress update boxes’
(stress integration algorithms) derived from phenomenological
models for which the body forces and heat sources are irrelevant
[21]. Furthermore, for stationary mechanical loading, inertia effects
are neglected.

3. Micro- and macro-scale problem formulations

3.1. Micro-scale problem

The evolution of thermal and mechanical fields at the micro level
is defined and monitored on a representative volume element (RVE)
provided with the essential physical and geometrical information
about the microstructural components. Particularly for materials
with random microstructures, the choice of the RVE is a delicate
task. The difficulty arises due to the fact that RVE should be statis-
tically representative of all microstructural heterogeneities and at
the same time remain small enough so that the principle of scale
separation is not violated. Furthermore, the RVE response should
be independent of the applied boundary conditions. A detailed dis-
cussion and relevant techniques to determine the RVE size is given
in [22,23] and the references therein. Here, it is assumed that an
appropriate RVE has already been selected. In Fig. 1, the reference
and current configuration of a microstructured 2-D domain is
shown where the subscript ‘0’ is used for referential quantities.
For a particular material point P, the underlying 2-D initially square
RVE is depicted in both configurations, for which V and C are the
current volume and boundary of the micro-domain, respectively.
The RVE boundary is further split up into CL for the left side of
the boundary, CR for the right, etc. The thermal and mechanical
characterizations of the phases at the RVE level are described by
their respective constitutive relations. Note that there are no a pri-
ori restrictions on the specification of the constitutive laws and
material parameters (e.g. temperature dependent, anisotropic,
etc.) other than the fundamental thermodynamical limitations.

In a geometrically non-linear setting, in the absence of body
forces and inertia effects, the mechanical equilibrium at the
micro-domain takes the form,

~rm � rm ¼~0; ð1Þ

in which rm is the microscopic Cauchy stress tensor defined by the
corresponding constitutive law whose description might be aniso-
tropic and depending on the temperature and a set of internal vari-
ables. In (1), ~rm indicates the gradient operator with respect to the
current micro-domain. The mechanical RVE problem is comple-
mented with standard boundary conditions, for which periodic
boundary conditions provide the best approximation [24]. Based
on the assumptions introduced in Section 2, the steady-state heat
balance at the micro level is expressed as,

~rm �~qm ¼ 0; ð2Þ

where ~qm is the microscopic heat flux vector. To construct a well-
posed problem, the balance equation is to be complemented with
the temperature and heat flux boundary conditions. The specific
form of the boundary conditions will be outlined in Section 4.

3.2. Macro-scale problem

At the macro level, the mechanical equilibrium has an identical
structure as at the micro level

~rM � rM ¼~0; ð3Þ
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Fig. 1. Macroscopic and microstructural domain.
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which is complemented by the macroscopic mechanical boundary
conditions. In the absence of heat sources, the conservation of ther-
mal energy equation at the macro level takes the general time
dependent form according to

ðqctÞM _hM þ ~rM �~qM ¼ 0; ð4Þ

where hM; ~qM and ðqctÞM represent the temperature, the heat flux
and the heat storage capacity, respectively. In addition to proper
thermal boundary conditions, also initial conditions have to be
specified for the temperature distribution at the macro level.

Within the proposed computational homogenization procedure,
the macroscopic Cauchy stress and the macroscopic heat flux are
obtained from the solution of the micro-scale thermo-mechanical
problem defined on the underlying microstructure (RVE). In addi-
tion to these flux quantities, the discretized weak forms of the
macroscopic governing equations require the macroscopic (tan-
gent) conductivity, the macroscopic mechanical tangent stiffness
and the macroscopic heat storage capacity ðqctÞM to enable the
solution of the resulting system of equations. Consistent deriva-
tions of these macroscopic quantities are elaborated in the follow-
ing sections.

4. Scale transitions

4.1. The macro–micro scale transition

Within the framework of a first order multi-scale analysis, the
actual microscopic displacement and temperature fields at a loca-
tion~x in the current configuration can be decomposed without loss
of generality as

~umð~xÞ ¼ ðFM � IÞ � ð~X �~X1Þ þ~uf ð~xÞ; ð5aÞ
hmð~xÞ ¼ hr

m þ ~rMhM � ð~x�~x1Þ þ hf ð~xÞ ð5bÞ

in a macroscopic contribution and a fluctuation field (subscript ‘f’)
that represents the fine scale deviations with respect to the average
fields as a result of the variations in material properties within the
RVE. In Eqs. (5), the displacement ~um and the temperature hm are
presented with respect to the corresponding values of corner 1. In
Eq. (5a), ~X denotes the position vector in the reference configura-
tion, whereas in Eq. (5b) the current position vector, ~x, is used
implying that two different configurations are involved for the
decomposition of displacement and temperature fields, respec-
tively. For Eq. (5a), although other referential or spatial kinematic
quantities could be used, the description in terms of FM and refer-
ential position vectors leads to compact scale transition relations,
[16]. For the decomposition (5b), a formulation based on the current
configuration is preferred since a fully referential description re-
quires pull-back of the primary quantities (temperature gradient
and heat fluxes) leading to more complicated scale bridging rela-
tions. To suppress the rigid body translation, corner 1 is taken to
be fixed, ~ufð~x1Þ ¼~0, whereas the rigid body rotation is excluded
by the periodic displacement constraint introduced further on.
However, fixing the temperature level for the RVE is less trivial.
The temperature profile at the micro level results from the imposed
boundary conditions and the distinct conductivities of the micro-
structural phases, which may be temperature dependent. Therefore,
the determination of the reference temperature in the micro-do-
main which has been indicated by hr

m is required for a reliable solu-
tion. To this end, an additional constraint,

ðqctÞMhM ¼
1
V

Z
V
ðqctÞmhm dV ð6Þ

is proposed. This condition is sufficient to obtain a unique temper-
ature profile and enforces a temperature distribution that respects
the consistency of the stored heat at micro and macro level.

In computational homogenization, the macro-to-micro transi-
tion is achieved by enforcing the conditions,

FM ¼
1

V0

Z
V0

Fm dV0; ð7aÞ

~rMhM ¼
1
V

Z
V

~rmhm dV ; ð7bÞ

which essentially imposes a volumetric averaging of the primary
deformation characteristics (F, deformation gradient) and the
essential driving forces for the heat flow (~rh, temperature gradi-
ent), bridging the two scales.

The substitution of Eqs. (5) into the scale transition relations
Eqs. (7) leads to the conditionsZ

C0

~uf dC0 ¼~0; ð8aÞZ
C

hf dC ¼ 0; ð8bÞ

which are the basis for different types of boundary conditions that
can be imposed at the micro level. For instance, enforcing periodic
fluctuation fields results in
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~uL
f ¼~uR

f !~uR ¼~uL þ ðFM � IÞ � ð~XR �~XLÞ; ð9aÞ
~uT

f ¼~uB
f !~uT ¼~uB þ ðFM � IÞ � ð~XT �~XBÞ; ð9bÞ

hL
f ¼ hR

f ! hR ¼ hL þ ~rMhM � ð~xR �~xLÞ; ð9cÞ
hT

f ¼ hB
f ! hT ¼ hB þ ~rMhM � ð~xT �~xBÞ; ð9dÞ

which are known to yield better convergence to apparent macro-
scopic properties as compared to other options (e.g., fully pre-
scribed boundary conditions: ~uf ¼~0 and hf ¼ 0 on C), see [24].
Periodically microfluctuating temperature boundary conditions re-
sult in non-homogenous linear relations between the temperatures
of the opposite edges which are similar to the constraints arising in
second order computational homogenization [25]. Therefore, the
stored heat consistency condition (Eq. (6)) and the periodically
microfluctuating temperature boundary conditions lead to a time-
independent (instantaneous) temperature profile dictated by the
macroscopic temperature, macroscopic temperature gradient and
local conductivities within the RVE. However, it is important to note
that the macroscopic temperature and the temperature gradient
changes as the macroscopic loading is further varied. This ‘instanta-
neous’ temperature profile at the RVE directly results from the
adopted principle of separation of scales, as commented in Section
2. Nevertheless, extensions towards a transient analysis at the RVE
level are of course possible as presented in [26], where a transient
(non-Fourier) heat conduction at the micro level is employed within
the framework of an asymptotic homogenization method.

Furthermore, it is important to realize that in the absence of
fluctuation terms (e.g. homogenous conductivity at the RVE level)
the imposed boundary conditions reflect a linear temperature pro-
file at the RVE level. It is worth to note that the current geometry of
the RVE influences the thermo-mechanical response through the
imposition of the boundary conditions in the current state, Eqs.
(9c) and (9d). Furthermore, particularly in the vicinity of macro-
scopic Dirichlet boundary conditions, the temperature gradient
can vary rapidly so that the principle of scale separation might
be violated. In other words, the variation of the macroscopic tem-
perature profile should be mild enough as compared to the RVE
dimensions so that the macroscopic temperature gradient can be
taken as constant over an RVE area. This is a limitation of the pro-
posed method. Due to the different configurations employed, refer-
ential and current volume integrals are used in Eqs. (7a) and (7b)
from which boundary integrals (8a) and (8b) are obtained,
respectively.

4.2. The micro–macro scale transition

For the determination of the macroscopic heat storage capacity
ðqctÞM, used in Eq. (4), the following volume averaging is proposed:

ðqctÞM ¼
1
V

Z
V
ðqctÞm dV ; ð10Þ

which is fully in line with the equivalent result obtained through an
asymptotic homogenization method [27]. This equation implies
that the heat capacity is consistently preserved upon scale bridging.

The micro-to-macro transition is essentially based on two prin-
ciples. The mechanical coupling hinges on the macro-homogeneity
(Hill-Mandel) condition, written in terms of the work conjugate
pair F (deformation gradient tensor) and P (first Piola–Kirchhoff
stress tensor) as:

PM : dFM ¼
1

V0

Z
V0

Pm : dFm dV0: ð11Þ

The symbol ‘:’ indicates the double contraction and for second order
tensors yields, A : B ¼ AijBij. This principle simply expresses the vol-
umetric consistency of the macroscopic internal virtual work and
that of the underlying microstructural volume.
For the thermal part, the motivation originates from the second
law of thermodynamics, which requires a positive entropy change
due to heat conduction. Enforcing the volumetric consistency of
the micro and macro entropy increase due to heat conduction leads
to,

~rMhM �~qM ¼
1
V

Z
V

~rmhm �~qm dV ; ð12Þ

which is the basis for the micro-to-macro transition in the context
of the conservation of thermal energy. Note that Eq. (12) is not ex-
actly the entropy statement (no temperature scaling applied), but is
nevertheless well motivated, see [28].

It can be shown that for each of the boundary conditions of
interest, the scale bridging principles lead to [16,20],

PM ¼
1

V0

Z
V0

Pm dV0; ð13aÞ

~qM ¼
1
V

Z
V

~qm dV : ð13bÞ

From Eq. (13a) the macroscopic Cauchy stresses are obtained by the
standard relation rM ¼ 1

det FM
PM � FT

M, where FT
M is the transpose of

FM.
5. Two-scale numerical solution framework

Since analytical solutions are limited to relatively simple geom-
etries and constitutive relations, a general approximate solution
procedure is pursued on the basis of the finite element method
at both scales ðFE2Þ. Both mechanical and thermal boundary condi-
tions are parameterized in a (pseudo-)time setting and applied
incrementally. Furthermore, in case of transient thermal problems,
a proper numerical time integration scheme is introduced to con-
vert the spatially discretized rate equations into a fully discrete
form. Non-linear equations resulting from the mechanical and heat
balances have to be solved with an incremental-iterative solution
procedure. To incorporate the constitutive behaviour at the macro
level, an RVE is associated to each macroscopic integration point.

The interaction between the mechanical and thermal fields
through the temperature induced stresses, temperature dependent
material properties and the influence of geometrical changes (large
displacements and internal discontinuities) on the thermal field
leads to a coupled problem at both micro and macro levels.

The implementation of the coupling between both fields is
based on an operator-split approach in which two sub-problems
are solved sequentially leading to two incrementally uncoupled
balance equations. For this purpose, a thermal balance with an up-
dated and frozen mechanical field is solved, followed by a mechan-
ical equilibrium problem with an updated and frozen thermal field.
The resulting numerical scheme has a simple structure with sym-
metric system matrices but is only conditionally stable. Since an
incremental-iterative solution scheme already requires small time
steps to handle the non-linearities, the operator-split approach
does not necessarily involve higher computational costs.

In the following sections, the macroscopic boundary value prob-
lem (BVP) and the microscopic BVP are further elaborated within
the aforementioned framework.

5.1. Macroscopic boundary value problem

As a result of geometrical and/or material non-linearities, the
resulting balance equations are non-linear as well and have to be
solved by a Newton–Raphson technique in an incremental-itera-
tive way. In the current increment, at iteration k, estimates are de-
noted as uðkÞ for the nodal displacements and hðkÞ for the nodal
temperatures, where a bar under a symbol is used to indicate



Table 1
Two-scale staggered solution scheme for the thermo-mechanical analysis

Macro Micro

Next increment
I. Thermal pass:
(a) Next iteration
. assemble the tangent conductivity
. solve the system and update hM

. loop over all integration points !hM ;~rMhM

RVE at tn . solve the RVE
problem 

~qM ;KM

. calculate macroscopic
heat flux and
conductivity

. store ~qM and KM

. end integration point loop

. assemble the internal nodal fluxes

. check for convergence, if not repeat
step (a), else continue

II. Mechanical pass:
(b) Next iteration
. assemble the tangent stiffness
. solve the system and update FM

. loop over all integration points !DFM ;hM ;~rMhM

RVE at tn . solve the RVE
problem rM ;AM

updated RVE state . calculate the
macroscopic stresses
and stiffness

. store rM and AM

. end integration point loop

. assemble the internal forces

. check for convergence, if not repeat
step (b), else save updated RVE
state at tnþ1 and start new
increment
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columns (representation of vectors with respect to a certain basis
in matrix notation) and matrices. Upon linearization, the out of
balance (residual) nodal forces and heat fluxes have to vanish, i.e.

rmechðuðkÞÞ ¼ f intðuðkÞÞ � f ext ! rmechðuðkÞÞ þ drmech ¼ 0; ð14aÞ
rthðhðkÞÞ ¼ qintðhðkÞÞ � qext ! rthðhðkÞÞ þ drth ¼ 0; ð14bÞ

where drth and drmech are the iterative updates of the nodal heat
fluxes and forces which tend to zero within the limit of the adopted
convergence norm. Using an updated Lagrangian framework
(whereby the current configuration is taken as the reference for vol-
ume integration [29]), the corrections drth and drmech are expressed
in the nodal variations du and dh as

drmech ¼
Xnel

e¼1

Z
Ve
ðBTCMBþ HTSHÞdV

� �
du; ð15aÞ

drth ¼
Xnel

e¼1

Z
Ve

1
Dt
ðqctÞMNT N þ BTKMB

� �
dV

� �
dh: ð15bÞ

A backward Euler time integration scheme is employed to construct
the fully discrete system of Eqs. (15b). The key ingredients of these
equation systems (Eqs. (15a) and (15b)) are the macroscopic spatial
material tangent stiffness in Voigt notation CM, the macroscopic
heat storage capacity ðqctÞM and the macroscopic tangent conduc-
tivity KM, respectively. In a standard manner, spatial derivatives of
the shape functions are placed in matrix B and the matrix N is com-
posed of the shape functions. Furthermore, the second term in the
integrand of (15a) is the so-called initial stress component of the
tangent stiffness for which H and S are defined as,

H ¼

N1;x 0 N2;x 0 � � �
N1;y 0 N2;y 0 � � �

0 N1;x 0 N2;x � � �
0 N1;y 0 N2;y � � �

2
6664

3
7775 and S ¼

rM 0
0 rM

� �

with rM ¼
r11 r12

r21 r22

� �
ð16Þ

for a two-dimensional discretization [30], where rM is the macro-
scopic Cauchy stress matrix.

The solution algorithm for time step [tn to tnþ1] is depicted in
Table 1. At the macro level, each increment consists of a ‘thermal
pass’ and a ‘mechanical pass’ for which the heat fluxes, stresses
and relevant tangent operators are extracted from the RVE level
problem. In the following sections, essential components of the
multi-scale solution scheme will be explained in more detail. The
high computational cost of this scheme can be reduced substantially
by parallel computing. Although an implicit solution algorithm is
presented here, explicit time marching which requires much smal-
ler time steps, could be equally used. However, this would not bring
considerable gain since the computational burden is on the solution
of RVE level problem but not on the extraction of macroscopic tan-
gent stiffnesses and the solution of the macroscopic systems.

It is worth to note that a staggered approach with a proper
bookkeeping allows the use of different time stepping for mechan-
ical and thermal problems. This might be particularly useful in case
of Dirichlet type thermal boundary conditions at the beginning of
the loading history.

5.2. RVE level boundary value problem

Essential components of the macroscopic solution procedure
(fluxes and tangent operators) require the solution of the micro le-
vel BVP’s for both macroscopic thermal and mechanical passes.
Similar to the macro level BVP, a finite element solution procedure
is adopted for the micro BVP’s including the extraction of the mac-
roscopic heat fluxes, stresses and tangent operators.
5.2.1. RVE–BVP coupled to the macroscopic thermal pass
This section is essentially based on the computational homoge-

nization scheme introduced in [20]. Related details are therefore
not given here.

On an updated micro-domain (RVE at tn passed to micro level in
the macroscopic thermal pass, see Table 1), the discretization of
the weak form of the microscopic heat balance equation leads to
a system of (non-)linear algebraic equations in the unknown nodal
temperatures h, which can be written as

qintðhÞ ¼ qext ð17Þ

expressing that the externally applied nodal heat fluxes are equili-
brated by the nodal internal fluxes. The system is excited by the
macroscopic loading term �M, a column consisting of the macro-
scopic temperature and the components of the macroscopic tem-
perature gradient with respect to the base vectors~e1; ~e2

�M ¼
hM

ð~rMÞ1
ð~rMÞ2

2
64

3
75; ð18Þ

which is imposed on the system through the periodically microfluc-
tuating temperature boundary conditions (see Eqs. (9c) and (9d))
and the stored heat consistency condition (see Eq. (6)). In case of
temperature dependent conductivities at the micro level, the equi-
librium solution can be obtained iteratively using a classical New-
ton–Raphson scheme. To this purpose, Eq. (17) is linearized with
respect to the incremental estimates hk, which yields the following
system for the iterative corrections dh

Kdh ¼ qext � qintðhkÞ; ð19Þ

where the tangent conductivity matrix K is defined by K ¼ oqint

oh

���
hk

.
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In order to impose the periodically microfluctuating tempera-
ture boundary conditions, linear dependencies are introduced
in the system in a classical manner. To ease the implementation,
the RVE domain is discretized in such a way that the nodes on
opposite sides match geometrically, see Fig. 2. The periodically
microfluctuating boundary conditions applied to the edge nodes
(he, excluding the corner nodes) lead to a set of linear constraint
equations of a non-homogeneous type which can be expressed
as,

he ¼ Thn þ G�M ð20Þ

where T and G are the coefficient matrices of the tying relations and
hn is the column with the independent (master) degrees of freedom
(left and bottom edges, excluding corner nodes). With the intro-
duced transformation, the explicit form of the partitioned system
of equations is given as,

TTKeeT TTKei TTKec

KieT Kii Kic

KceT Kci Kcc

2
64

3
75

dhn

dhi

dhc

2
64

3
75 ¼

�qint
n � qint

d

�qint
i

qext
c � qint

c

2
664

3
775; ð21Þ

where qint
n (independent, left and bottom edges) and qint

d

(dependent, right and top edges) appearing on the right-hand side
are the corresponding subcolumns of the internal nodal heat flux
column of edge nodes. In Eq. (21) the subscript ‘i’ refers to the inter-
nal (not located on the boundaries) degrees of freedom and sub-
script ‘c’ designates the quantities associated with corner nodes,
see Fig. 2.

Further on, the periodically microfluctuating temperature
boundary conditions for the corner nodes (e.g. h2 ¼ h1 þ ~rMhM�
ð~x2 �~x1Þ) and the stored heat consistency condition (Eq. (6)) lead
to four independent equations which can be compactly expressed
in a variational (incremental or iterative) form as,

Mce Mci Mcc½ �
dhe

dhi

dhc

2
64

3
75 ¼ MceT Mci Mcc½ �

dhn

dhi

dhc

2
64

3
75 ¼ 0; ð22Þ

where Mðce;ci;ccÞ are the coefficient matrices. Using these constraints,
the resulting system of equations can be solved and an update for
the unknown temperature column h is obtained [20].

5.2.2. Extraction of the macroscopic heat flux
As shown in Ref. [20], after discretization, the volume averaging

relation for ~qM can be expressed as

~qM ¼
1
V
ð~xL �~xRÞ

X
qext

L þ ð~xB �~xTÞ
X

qext
B þ~xT

c qext
c

� �
; ð23Þ

where qext
L and qext

B are the columns of nodal heat fluxes at the left
and bottom edges, respectively. The summations are performed
Left and bottom (independent)

Right and top (dependent)

Corner

Internal

1 2

34 ΓT

ΓR

ΓB

ΓL

Fig. 2. Discretized RVE example.
over the components of the corresponding columns. The last term
~xcqext

c (with ~xc , a column with corner node position vectors) repre-
sents the contribution of the heat fluxes at the corner nodes. Eq.
(23) can be conveniently expressed in components using a ma-
trix-column format as

qM ¼ Ln Lc½ �
qext

n

qext
c

" #
; ð24Þ

where Ln and Lc are implicitly defined.

5.2.3. Extraction of the macroscopic conductivity
To solve the macroscopic problem, a relation between the vari-

ation of the macroscopic heat flux and the variation of the macro-
scopic temperature gradient is required, which is written as

dqM ¼ KMdðrMhMÞ; ð25Þ

where KM is the macroscopic (tangent) conductivity at integration
point level of the macroscopic discretization. To this end, the varia-
tion of the macroscopic heat flux expression Eq. (24) is taken

dqM ¼ Ln Lc½ �
dqext

n

dqext
c

" #
: ð26Þ

Considering the system of equations in a converged micro energy
balance state [20], the variations dqext

n and dqext
c can be extracted as,

dqext
n

dqext
c

" #
¼ �TTKeeG

�KceG

� �
d�M; ð27Þ

where the variations of the macroscopic quantities (loading terms)
are involved. Using this relation in Eq. (26) finally yields the macro-
scopic tangent conductivity as

KM ¼ ð�LnTTKeeG� LcKceGÞ: ð28Þ
5.2.4. RVE–BVP coupled to the macroscopic mechanical pass
On an updated micro-domain (RVE at tn passed to micro level in

the macroscopic mechanical pass, see Table 1), the system is ex-
cited by the periodically microfluctuating displacement boundary
conditions (see Eqs. (9a) and (9b)) which can be expressed in a con-
straint form as

~xR ¼~xL þ~x2 �~x1; ð29aÞ
~xT ¼~xB þ~x4 �~x1; ð29bÞ

where~xL; ~xR; ~xB and~xT denote current position vectors of the peri-
odic points of the corresponding boundaries and ~xi; i ¼ 1;2;4 are
the position vectors of the corner nodes 1, 2 and 4 (see Fig. 2). Fur-
thermore, with the updated temperature and temperature gradient
calculated at each macroscopic integration point, the periodically
microfluctuating temperature profile is enforced within the mi-
cro-domain as explained in Section 5.2.1. The resulting thermo-
mechanical problem is solved in a staggered way.

The discretization of the weak form of the microscopic equilib-
rium equation yields a system of (non-)linear algebraic equations
in the nodal displacements u which can be written as

f intðuÞ ¼ f ext ð30Þ

with f int and f ext, the internal and external nodal forces, respec-
tively. Linearization leads to the system of equations, as expressed
in Eqs. (14a) and (15a), written in a compact form as

Kdu ¼ dr; ð31Þ
where dr is the column with the out of balance residual forces. As a
result of the periodically microfluctuating displacement boundary
conditions, the displacement vectors of the corner nodes 1, 2 and
4 are kinematically fully prescribed by,

~ui ¼ ðFM � IÞ �~Xi; ð32Þ
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where the node corresponding to corner 1 is fixed to eliminate rigid
body translations. The displacement of the node located at corner 3
is fully described by the displacement of corner 2 and corner 4.
Therefore it is not an independent quantity anymore and conse-
quently does not appear in the equations. Furthermore, as empha-
sized in the macroscopic thermal pass, the discretization of
opposite sides of the RVE matches geometrically.

In the discrete setting, periodically microfluctuating displace-
ment boundary conditions are handled through standard linear
dependencies, dud ¼ Cdidui with ui the independent displacement
degrees of freedom (dofs) and ud the dependent dofs, mutually
linked through the linear dependency matrix Cdi. Eliminating the
dependent dofs from Eq. (31) leads to a condensed system

K�dui ¼ dr�; ð33Þ

which is further decomposed to account for the different contribu-
tions emanating from the macroscopically prescribed dofs, dup and
the remaining free dof variations, duf . At equilibrium of the RVE,
this partitioned system reads

K�pp K�pf

K�fp K�ff

" #
dup

duf

� �
¼

df �p
0

� �
; ð34Þ

where df �p corresponds to the variations of the external forces at the
prescribed nodes. By condensing out the free degrees of freedom
from the system, a reduced stiffness matrix linking df �p and dup

can be obtained as,

K�Mdup ¼ df �p with K�M ¼ K�pp � K�pf ðK�ff Þ
�1K�fp; ð35Þ

which will be used for the extraction of the macroscopic material
tangent.

5.2.5. Extraction of the macroscopic stresses
The volume average of the microscopic first PK stresses can be

converted into the following integral form:

PM ¼
1

V0

Z
C0

~p~X dC0 ð36Þ

for which the microscopic equilibrium and the identity ~r0
~X ¼ I are

used and~p is defined as~p ¼ Pm � ~N, where ~N is the unit outward nor-
mal to C0, [16]. After the solution of the micro BVP, it can be verified
that, in case of periodically microfluctuating displacement bound-
ary conditions, the boundary integral (Eq. (36)) takes the following
simple form:

PM ¼
1

V0

X
i¼1;2;4

~f i
~Xi; ð37Þ

where ~f i; i ¼ 1;2;4 are the external forces at the three prescribed
corner nodes, [16]. The macroscopic Cauchy stresses can be ob-
tained from PM by a classical push-forward rM ¼ 1

det FM
PM � FT

M.

5.2.6. Extraction of the macroscopic stiffness
For a constitutive relation formulated in the conjugate pair P

and F, the material tangent is the fourth order tensor A which sat-
isfies the linear relation,

dP ¼ AM : dF: ð38Þ

Reconsidering Eq. (37), in a variational format,

dPM ¼
1

V0

X
i¼1;2;4

d~f i
~Xi ð39Þ

in combination with the expression for df �p (see Eq. (35)) and
d~uj ¼ dFM �~Xj, with j ¼ 1;2;4 leads to the consistent tangent opera-
tor AM (see [13,16] for the derivation) according to

AM ¼
1

V0

X
i

X
j

ð~XiK
�ðijÞ
M
~XjÞLC i; j ¼ 1;2;4 ð40Þ
where the left conjugation implies, TLC
ijkl ¼ Tjikl. K�M is a 6� 6 matrix

for a 2-D RVE configuration and K�ðijÞM is a square sub-matrix of K�M
corresponding to the dofs of the nodes i and j ði; j ¼ 1;2;4Þ.

Once AM is obtained, the required material tangent in an up-
dated Lagrangian framework can be derived through a push-for-
ward (see [31]) written in index notation as

Cpqmn ¼ FqJApJmSFnS � Jdmprnq; ð41Þ
where Cpqmn is the material tangent consistent with Eq. (15a),
J ¼ det FM and dmp is the Kronecker delta.

6. Two-scale homogenization examples

The proposed two-scale thermo-mechanical framework has
been implemented in a commercial FE environment (MSC MARC),
and is next demonstrated by two example problems. The selected
problems are 2-D, preferred due to computational cost reasons,
although the presented framework is applicable to 3-D cases as well.

6.1. Thermo-mechanically loaded plate

In Fig. 3, a long plate, made of boron fiber reinforced aluminum
is shown. The fibers are unidirectionally oriented parallel to the z-
axis. The plate is clamped on its side surfaces and exposed to a rap-
idly increasing uniform temperature and mechanical load on the
top surface. The final temperature of 250 �C is reached in 10 s (in
50 steps) on the top surface whereas the temperature at the bot-
tom surface is kept constant at T0 ¼ 20 �C. The uniformly distrib-
uted mechanical load has a final value of 100 N/m2, which is
reached in 10 s as well. The problem can be idealized as a plane
strain problem (no deformation in z-direction) and due to symme-
try, only one half of the plate is modeled with 120 eight-noded ele-
ments with a reduced integration scheme. The boundary
conditions and the dimensions are sketched in Fig. 3. It is assumed
that the geometrical pattern of the fibers is regular so that the
underlying microstructure can be fully described by a two-phase
unit cell visualized in Fig. 3, which serves as the representative vol-
ume element (RVE) for the microstructural computations.

Mechanically, the boron fibers are linearly elastic with a modu-
lus of elasticity E = 385 GPa, Poissons’ ratio m ¼ 0:2, and a coeffi-
cient of thermal expansion a ¼ 5:0 10�6/�C. The aluminum
matrix is taken to be elasto-plastic with isotropic hardening. The
corresponding mechanical parameters for the matrix are,
E = 75 GPa, m ¼ 0:33; a ¼ 2:36 10�5/�C, with a yield stress ry ¼
300 MPa and a hardening modulus h = 150 MPa. Thermally, both
constituents are described by Fourier’s law with the temperature
independent material data for the fibers, given by their conductiv-
ity k ¼ 38 W=mK and their heat capacity, ct ¼ 1:3 kJ=kg K. The cor-
responding material data set for the matrix is, k = 247 W/mK and
ct ¼ 0:9 kJ=kgK. The densities used for the heat storage capacity
calculations are q ¼ 2600 kg=m3 for the fibers and q ¼
2700 kg=m3 for the matrix, respectively. At the RVE level, four-
noded quadrilaterals with a constant dilatation formulation are
used for the discretization. A convergence criterion which com-
pares the maximum residual and maximum reaction forces, is used
at the RVE level and the ratio is forced to be smaller than 10�8, in
order to obtain accurate results for quantities to be transferred to
the macro level. The same convergence criterion with a threshold
of 10�3 is used at the macro level.

For comparison purposes, the same problem is analyzed with a
Taylor approach and a modified Sachs approach. Basically, the
Taylor approach assumes that: (I) mechanically both phases expe-
rience the same deformation and (II) thermally the same tempera-
ture gradient is effective within each phase. Therefore, traction and
heat flux continuity across the fiber matrix interface will be vio-
lated. On the other hand, the classical Sachs approach enforces that
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Fig. 3. Thermo-mechanically loaded plate; geometry, boundary conditions and RVE.

I. Özdemir et al. / Comput. Methods Appl. Mech. Engrg. 198 (2008) 602–613 609
stresses and fluxes are same in both phases while the ‘macroscopic’
displacement gradient and the temperature gradient are assumed
to be the weighted sum (by volume fractions) over the two phases.
Here a slight modification is introduced assuming that the rotation
tensors in both phases are identical. It is noteworthy to mention
that most relatively simple and more accurate alternative methods
[32,33] are applicable only in a uni-axial stress/strain state.

In Fig. 4, the deformed configuration of the plate with the
resulting von Mises stresses is presented and two RVE’s which
are located at the integration points A and B are depicted. Both
the mechanical and thermal fields are shown. From the plastic
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Fig. 4. Two-scale solution via computat
strain distribution at the micro level, it can be concluded that the
matrix experiences severe yielding particularly at the locations of
large curvature (e.g., integration point A). The resulting homoge-
nized macroscopic response is plotted in Fig. 5. The horizontal
reaction force and the bending moment per unit length in z-direc-
tion developing at the mid-section (symmetry axis) are presented
graphically. On the horizontal axis, the vertical displacement of the
mid-section is given (through the thickness, the variations of the
vertical displacements are negligible). The responses obtained
through the Taylor assumption and modified Sachs approach are
also depicted. For the Taylor solution, (where both phases experi-
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ence the same deformation) the relatively stiff fiber contributes
excessively to the cross-sectional resistance which leads to high
axial and bending stiffnesses, reflecting the well-known Taylor
upper bound. The Sachs assumption leads to a very compliant
structure which does not show any yielding with a smaller axial
force and bending moments, typically associated with the lower
bound. As expected, the computational homogenization scheme
provides a solution in between these two bounds, yet obviously
substantially different.

Furthermore, to assess the chosen time step size, the problem is
solved for four different step sizes which has yielded 25, 50, 100
and 200 steps. The vertical displacement of the mid-section for
four different cases is presented in Fig. 6 which clearly shows the
convergence of the displacement. Furthermore, the graph also indi-
cates that the chosen step size is sufficiently small to avoid
instabilities.
25 50 75 100
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Fig. 6. Vertical displacement at the mid-secti
6.2. Thermally shocked channel

In the second example, the thermo-mechanical analysis focuses
on a long channel, which is typically used for hot molten metal
transport as shown in Fig. 7. Due to symmetry and the high chan-
nel length, the problem is idealized as a plane strain problem of the
half-width channel for which the corresponding dimensions and
boundary conditions are sketched in the figure. The channel is ex-
posed to a temperature shock at the inner surface which reaches a
final temperature TF of 500 �C in 4 s starting from an initial tem-
perature T0 of 20 �C. The outer surface is kept at its initial temper-
ature level throughout the entire loading history.

Due to its high temperature resistance, an alumina based refrac-
tory ceramic is typically used for this type of structures. The under-
lying microstructure is of a granular type with directionally
distinct characteristics resulting from the raw base materials and
125 150 175 200

 of time steps

on (sym. axis) vs. number of time steps.
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the production process. The RVE’s used for the microstructural rep-
resentation are also shown in Fig. 7. To investigate the effect of
prior damage on the thermo-mechanical response, an ‘intact RVE’
as well as a diagonally cracked RVE are considered. The crack in
the latter is modeled by assuming a locally degenerated mechani-
cal stiffness and thermal properties of air within the crack domain.
Both mechanically and thermally, it is assumed that individual
grains at the RVE level have an anisotropic behaviour. The principal
directions of anisotropy are differently oriented from grain to grain
as indicated in Fig. 7.

Based on the crystal structure (tetragonal) of alumina [34],
anisotropic mechanical constants equal to c11 ¼ 465 GPa; c22 ¼
465 GPa; c33 ¼ 563 GPa; c12 ¼ 124 GPa; c13 ¼ 117 GPa; c44 ¼ 233
GPa are used [35]. The principal values of the conductivity tensor
are 38 W/mK and 10 W/mK. Heat capacity and the density are ta-
ken to be ct ¼ 120 J=kg K and q ¼ 2700 kg=m3, respectively. The
principal directions of the grains are distributed randomly.

Both at micro and macro level, the same convergence norms as
used in the first problem are employed. In Fig. 8, the resulting von
Mises stresses obtained at the end of the loading history are visu-
alized. As seen from the contour plot, the maximum stress values
are reached on the horizontal part of the channel and the inclined
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Fig. 8. Equivalent von Mises stresses and tem
part experiences limited stresses due to the lack of boundary con-
straints there. On the right-hand side of Fig. 8, the temperature and
the equivalent von Mises stresses in a typical cross-sections are
presented. The difference between the maximum stresses obtained
by the rule of mixture (which is presented for comparison pur-
poses) and the computational homogenization is about 30% which
would make a significant difference for crack initiation predictions.
The difference between the two solutions for the temperature pro-
file reaches about 10% at the centre of the cross-section which re-
mains significant.

To investigate qualitatively the effect of thermo-mechanical
damage (i.e. disconnected grains) e.g. due to abrupt temperature
changes and cycles, the equivalent macroscopic response is also
predicted using the RVE with prior damage (see Fig. 7).

On the left-hand side of Fig. 9, the macroscopic response for the
pre-damaged RVE is presented including two RVE stress distribu-
tions located at the indicated cross-sections (integration points
closest to the inner surface). Mechanically, the crack leads to a
more flexible response which results in larger displacements.

On the right-hand side of Fig. 9, the microscopic von Mises
stresses and the temperature profiles of the intact and pre-dam-
aged RVE’s, which are located at the same macroscopic position,
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are depicted. Obviously, the crack leads to a significant change in
the thermal and mechanical response, both qualitatively and
quantitatively.

7. Summary and conclusion

Motivated by the results obtained in [13,15,20], a two-scale
analysis framework for the thermo-mechanical analysis of hetero-
geneous solids has been presented. Thermo-mechanical ap-
proaches at both scales are treated consistently and linked by a
rigorous scale bridging procedure. Using an extended computa-
tional homogenization framework, macroscopic thermal and
mechanical excitations are passed to the micro level through
appropriate RVE boundary conditions. The resulting microscopic
response is homogenized to the macro-scale by means of consis-
tent averaging relations. Tangent operators for a coupled FE2 solu-
tion strategy are derived in a consistent manner. An operator-split
implementation has been elaborated, separating thermal and
mechanical passes. As demonstrated by the example problems,
the method resolves the interaction between the mechanical and
thermal fields at the micro level, accounting for temperature
dependent microscopic properties. Both coarse scale and fine scale
results are revealed, providing insight on the structural level and
the material level in a simultaneous manner. Original aspects
and the added values of the proposed approach are:

� A rigorous method for the thermo-mechanical analysis of heter-
ogeneous solids has been developed, which does not require
explicit macroscopic (homogenized) quantities such as an effec-
tive thermal expansion coefficient.

� Anisotropy, non-linearity and temperature dependence of both
mechanical and thermal material characteristics can be intro-
duced at the micro level with various morphologies enabling
an effective structure–property analysis. Classical homogeniza-
tion techniques are inadequate in this context if temperature
dependent and mechanically non-linear micro-phase properties
have to be resolved.

� The interaction between the thermal and mechanical fields is
tackled at the micro level and the proposed algorithmic frame-
work has the potential to include further interactions which
may result from microstructural evolution (e.g. thermo-
mechanical damage and debonding). Failure mechanisms induce
a strong coupling between micro and macro scales for which
this approach is undoubtedly beneficial.

� Results obtained through the proposed methodology may serve
as a reference for alternative simplified homogenization
schemes.

For typical high temperature resistant materials, the failure can-
not really be qualified as perfectly brittle, however, the microstruc-
tural evolution can be modeled by the use of cohesive zones along
the interfaces and diffusive thermo-mechanical damage within dif-
ferent phases. In combination with these techniques, the proposed
method can be used to investigate the effect of microstructural
variables (both geometrical and physical) on the macroscopic fail-
ure initiation including the relation to the underlying thermal and
mechanical microstructural evolution. This allows to enhance the
understanding and modeling of failure and clarifies the active field
interaction effects. These insights cannot be extracted from a single
scale phenomenological modeling approach.
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